We deal with transmission phenomena across highly conductive interfaces, investigating the limit behavior of solutions for second order transmission problems. In particular, we investigate via finite element method the influence of thermal conductivity on the heat flux flowing into an interface.
Introduction
A bulk material property like thermal conductivity may differ by many orders of magnitude, for example, from the ≈ 2 × 10 3 Watt per meter per Kelvin of the perfect crystalline structure of diamond, to the ≈ 4 × 10
−2
Watt per meter per Kelvin of insulating fiberglass. Thus, for problems involving some materials whose bulk conductivities differ highly, it is important to investigate transmission phenomena in the highly conductive ones, even if their bulk volumes are negligible with respect to the insulating ones.
Moreover, several phenomena in nature concern irregular interfaces: for instance current flow through rough electrodes in electrochemistry or steady-state diffusion processes across irregular physiological membranes with finite permeability (see Refs. 4, 13) . Thus fractal and prefractal geometries appear to be the natural mathematical tools to model those interfaces.
The aim of this paper is to present some numerical results on transmission phenomena across highly conductive interfaces. We deal with a model second order transmission problem which was firstly introduced by H. Pham Huy and E. Sanchez Palencia 12 for a three-dimensional domain having a flat interface.
An analogous problem for the two-dimensional case has been solved by M.R. Lancia and M.A. Vivaldi, 8 who proved existence, uniqueness and regularity results for the variational solution. Then, the same authors considered the transmission problem involving prefractal and fractal interface of von Koch type; they proved existence, uniqueness and regularity results for the variational solution for a prefractal interface in Ref. 8 and for a fractal one in Refs. 6,7. Moreover, they analyzed the asymptotic behavior of the solutions of prefractal transmission problems by considering them as approximation to the limit fractal problem (see Ref. 9) .
The finite element approximation that we provide in this paper concerns the steady-state heat diffusion treated in Ref. 8 and involves a highly conductive prefractal interface of von Koch type. More precisely, we consider a sequence of prefractal transmission problems {(P n )} n∈N0 , where we denote by (P n ) the problem posed over the domain having the n-th prefractal curve K n as interface (thus, K 0 is a flat interface). The transmission condition imposed on the interface models the presence of a highly conductive material that, despite its negligible thickness, is the seat of a non negligible heat flow.
Physics of heat transmission
We consider the classical problem of heat conduction, that we pose for rigid bodies whose dimensions differ greatly; we begin with a simple, yet non trivial example, consisting of two squares in contact through a conductive 1D interface. In particular, we aim at investigating how heat flow is affected by the ratio between the conductivity coefficients of a 2D and a 1D conductor in contact each other.
Balance laws
Let us consider the 2D square Ω = [0, 1] × [0, 1] (Fig. 1, left) , whose boundary has constant temperature u = 0, and with a homogeneous bulk heat source q. Denoting with Γ the heat flux, with n the outward normal to the boundary ∂Ω, with dA and ds the area and length measures, respectively, we may write the following balance law
stating that the heat entering in the system-the left term-equals that flowing out from it-the right term. The total heat is q A with A the area of the square; it is obvious from the symmetry of the problem that from each side exits the same amount of heat q A/4. Now, let us consider two squares 2), and another balance equation must be considered. Let us denote with Γ u , Γ l the heat flux in the upper and the lower domain, respectively, with n u , n l the respective outward normal, and with Γ c the heat flux along the interface; we may write the following integral balance equations 2D balance:
1D balance:
where ∇ t is the tangential gradient on K 0 , that is, ∇ t u := ∇(u| K0 ). Let us note that the unique heat source for the whole system is q; then, heat can flow out from the system across ∂Ω-as heat flow per unit length, and across ∂K 0 , consisting of the two end points-as Dirac heat flow. 
Constitutive relations
Flux is related to the temperature via a constitutive relation; in our case, we have
Let a square bracket [·] denotes the physical dimensions of a quantity, and let L, P and θ denote measures of length, power and temperature, respectively; we have
thus, the ratio between 1D and 2D conductivities has the physical dimension of a length: [k c /k] = L. Equation (3) can be written exploiting constitutive relations as
Let us assume k is a fixed positive real number throughout the whole paper. Previous equation shows how the ratio [k c /k] = L can influence the heat flow in the system; for k c = 0, the interface is neutral and heat flows out entirely from ∂Ω; for k c > 0, heat starts flowing along the interface, and two concentrated heat fluxes appear on the two points constituting the boundary of K 0 ; when k c → ∞, the Dirac heat fluxes → q A/4, that is, the interface drains the whole heat that would have escaped from two sides of the squares if they were been separated [the two sides of the squares where it is interposed (as if the squares were separated),] and drive it to the boundary points, (Fig. 3) ; moreover, temperature on the interface tends to zero.
The Von Koch curve
We describe an iterative construction of the von-Koch fractal curve, which is an example of "nested fractal" according to the definition introduced by T. Lindstrøm.
10 Each iteration generates a step of the construction, that is a von Koch prefractal curve. Let K 0 be defined as in Section 2. Let K 1 be the curve obtained by dividing K 0 in three equal parts, removing the central segment and replacing it by the other two sides of the equilateral triangle based on the removed segment. The prefractal curve K 2 can be constructed by applying the same procedure to each of the segments of the curve K 1 . Iterating this procedure, we construct a sequence of prefractal polygonal curves K n which tends in the Hausdorff metric to the limit "von Koch fractal curve" K, as n tends to infinity. We show in Fig. 4 some prefractal curves and we refer to the books by K. Falconer 3 and by B.B. Mandelbrot 11 for more details on fractal geometry and its applications. The same construction holds for any line segment K 0 . We observe that the von-Koch curve is a self-similar fractal as the usual definition given by J.E. Hutchinson.
5 Roughly speaking, this means that every part of the von Koch fractal curve is similar to the whole or to some copies of it. In Ref. 10, T. Lindstrøm subsequently gave an alternative construction of the von Koch curve proving so that K is also a "nested fractal". He defined a sequence of "nested sets" {V n } n∈N0 , where V n is the set of vertices of K n , and he
proved that V n ⊂ V n+1 , ∀ n ∈ N 0 . The fractal curve K can be seen as the closure of the infinite union of all V n , with respect to the Hausdorff metric. The following plots (Fig. 5) show that just after five iterations, K n has more than one thousand segments and its length is four times greater than the initial one. After fifteen iterations, there are more than 10 9 segments and the curve length has increased seventy times; actually, the limit fractal curve K has infinite length, and its Hausdorff dimension is equal to d f = ln 4/ ln 3 (see Ref. 
A Highly conductive transmission model problem
In this Section we describe the model second order transmission problem related to the integral balance equations (2) and (3). It was firstly treated by H. Pham Huy and E. Sanchez Palencia 12 in a 3D domain having a flat interface. Then M.R. Lancia and M.A. Vivaldi analyzed the same problem in a 2D domain in three different cases in accordance with the interface's geometry (see Refs. 6, 8) . The transmission condition imposed on interface is called of second order due to the presence of a tangential laplacian. This condition is used to account for the physics of highly conductive materials with vanishing thickness, modeled as flat interfaces seat of intrinsic onedimensional diffusion phenomena.
Flat interface
We consider Ω = Ω u ∪ Ω l ∪ K 0 and the interface K 0 as defined in Section 2. We denote by L 2 (Ω) the usual Lebesgue space, by H s 0 (Ω), s ∈ R, the usual Sobolev spaces and by C 0 (Ω) the continuous function space (for details see Ref. 14) . Let Γ, Γ c be defined as in (4), the heat source q a function in L 2 (Ω), and [u] = u| Ωu − u| Ω l the jump of u across K 0 . Balance laws (2) and (3) may be interpreted as a 0-th transmission problem, or a flat transmission problem; they can be stated in differential form as follows
We observe that [Γ · n] = k ∂u ∂n , and the jump of normal derivative is
. Using constitutive relations, the second order transmission condition (7) ii can be reformulated as
where ∆ t is the tangential laplacian and the characteristic length kc k = L c is set equals to the length of K 0 . The jump of normal derivative is a source term for the tangential laplacian that can generate heat flow inside K 0 . We denote by
the "test functional space" endowed with the natural graph norm
The integral representation of balance laws (2) and (3) becomes now
and it suggests the following definition of a flat energy form for transmission problems across a flat conductive interface
Proposition 4.1. For every q in L 2 (Ω), the problem (P 0 ) is equivalent to the following well-posed variational problem:
There exists one and only one solution u in C 0 (Ω) of Eq. (13) 
Prefractal interface
We consider Ω = [0, 1] × [−1, 1] having as interface a prefractal curve K n with endpoints (0, 0) and (1, 0). K n splits Ω in two domains, the upper domain Ω u and the lower one Ω l , respectively. Thus Ω = Ω u ∪ Ω l ∪ K n . We denote by H 2,α (Ω), α in R and 0 < α < 1, the usual weighted Sobolev spaces (for definition see Ref. 2) . With the same notations given in Subsection 4.1, for each n in N, we can state the n-th differential problem
which is called the n-th transmission problem or n-th prefractal transmission problem. Analogously, the second order transmission condition (14) ii rewrites as
with the characteristic length L c = L cn = ( 4 3 ) n assumed equal to the length of K n . Denoting with V (Ω, K n ) the "test functional space" analogous to Eq.(9), the integral representation of balance laws is given by
The prefractal energy form for transmission problems across a prefractal conductive interface is defined as follows
, the problem (P n ) is equivalent to the following well-posed variational problem:
There exists one and only one solution
Proof. For the proof see Refs. 8,14. Moreover, for the variational solution of Eq.(18) it holds a quasi-optimal error estimate of order one obtained by using linear finite element over adaptively refined meshes (see Refs. 1,2).
Fractal interface
For the sake of completeness, we cite the analytical treatment given by M.R. Lancia 6 for the analogous fractal problem (P ). Let Ω = Ω u ∪ Ω l ∪ K be the same 2D domain having the von Koch curve K as interface. Redefining suitably some analytical objects, such as the laplacian on K, we can state the following fractal differential problem
which is called the limit transmission problem or fractal transmission problem. The fractal energy form is defined, on a suitable "test functional space" V (Ω, K), as follows 
Asymptotic behaviour
The asymptotic behavior for n → ∞ of the solution of Eq.(18) has been dealt with by M.R. Lancia and M.A. Vivaldi. 9 The idea is to regard to the problem (P n ) as the n-th prefractal problem approximating the limit fractal problem (P ), for n → ∞, provided a suitably choosen conductivity k cn . Next Proposition follows from the M -convergence in L 2 (Ω) of the approximating energy forms a n (u,ũ) to the limit energy form a(u,ũ) (see Ref. 9 ). Proposition 4.3. Let us set k cn = k ∞ · L cn for all n in N 0 . Let u n and u be the solution of the problem (P n ) and (P ), respectively. The following asymptotic convergence results hold
Numerical tests
We solved problem (P n ) via finite element method, up to n = 6; two different codes have been used, a commercial finite element code, 15 using unstructured meshes, and a code written by E. Vacca 14 for this specific problem, that uses linear finite element over adaptively refined meshes, with the aim of a quasi-optimal error estimate of order one. In accordance with some remarks asserted in Subsection 2.2, we showed (Fig. 3) two plots of temperature u solution of the flat transmission problem (P 0 ) for different values of k c ; more precisely k c = 0 (left) and k c > 0 (right). Actually, we show (Fig. 6 ) the graph of Dirac heat flux, at the right endpoint of K 0 , Γ c (1, 0) = k c · ∇ t u(1, 0), versus conductivity k c . We note that just for k c = 20 the flux value is nearly the limit value Γ c (1, 0) = 0.25 for k c → ∞.
Analogously, we show ( Fig. 7) two plots of temperature u solution of the prefractal transmission problem (P 2 ) (left) and (P 6 ) (right) for k cn = k ∞ (4/3) n , n = 2, 6, coherently with Proposition 4.3 on the asymptotic behavior.
We note that temperature is nearly zero in a small neighborhood of the prefractal interface, even for a finite value of k cn . As expected, the amount of heat which flows through the conductive interfaces K n , growths very fast with k cn , according to the previous asymptotic law. Finally, we show (Fig. 8) some graphs of Dirac heat flux, at the right endpoint of K n , Γ cn (1, 0), for the conductivity k cn = k ∞ (4/3) n and for n = 0, · · · , 6. The diagram on the right (Fig. 8) compares the values of heat flux Γ cn (1, 0), having fixed k ∞ equal to 100, for prefractal transmission problems (P 0 ), (P 1 ), · · · , (P 6 ). It seems that Dirac heat flux at the right endpoint converges quite fast to a limit value. 
